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Abstract. In the first part of the paper we prove a bi-parameter version of a well 
known multilinear theorem of Coifman and Meyer. As a consequence, we generalize the 
Kato-Ponce inequality in nonlinear PDE. Then, we show that the double bilinear Hilbert 
transform does not satisfy any L p estimates. 



1. Introduction 

Let / G iS(R 2 ) be a Schwartz function in the plane. A well known inequality in elliptic 
PDE says that 

ll«^ILSII4/IL ID 

for 1 < p < oo, where A = + J^r is the Laplace operator. 
To prove (1) one just has to observe that 

d 2 f 

where 
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R]f{x) = Lew*®**** 

j = 1,2 are the Riesz transforms and they are bounded linear operators on L P (R 2 ) [18]. 

An estimate of a similar flavour in non-linear PDE is the following inequality of Kato 
and Ponce [9]. If f,g G S(R 2 ) and := a > 0, is the homogeneous 

derivative, then 

\\V a (fg)\\ r <\\Vy-\\ p \\g\U+\\f\\ P \\V a g\\ q (2) 



for 1 < p, q < oo, 1/r = 1/p + 1/q and < r < oo. 

Heuristically, if / oscillates more rapidly than g, then g is essentially constant with 
respect to / and so T> a (fg) behaves like {T> a f)g. Similarly, if g oscillates more rapidly 
then / then one expects T> a (fg) to be like f(T> a g) and this is why there are two terms on 
the right hand side of (2). In order to make this argument rigorous, one needs to recall 
the classical Coifman- Meyer theorem [4], [7], [11]. Let m be a bounded function on R 4 , 
smooth away from the origin and satisfying 

|dM7)i<7^| ( 3 ) 
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for sufficiently many (3. Denote by T m (f,g) the bilinear operator defined by 



</]R 



(4) 



Then, T m maps L p x L q — ^ U as long as 1 < p, q < oo, 1/r — 1/p + l/q and < r < oo. 

This operator takes care of the inequality (2) in essentially the same way in which the 
Riesz transforms take care of (1). The details will be presented later on in the Appendix 
(see also [9]). 

But sometimes (see [10]), in non-linear PDE one faces the situation when a partial 

differential operator such as T> I'D^fi^i £2) := |Ci| Q |C2|^/(Ci) £2) ex, [3 > 0, acts on a 
nonlinear expression such as the product of two functions. It is therefore natural to ask 
if there is an inequality analogous to (2) for these operators. The obvious candidate, 
according to the same heuristics, is the following inequality. 



V?VP(fg)\\ r < \\V«VZf\\ p \\g\\ q + \\f\\ p \\V^ 2 g\\ q + \\V?f\\ p \\V^g\\ q + \\V?g\\ p \\V%f\\ q . 

(5) 



If one tries to prove it, one realizes that one needs to understand bilinear operators whose 
symbols satisfy estimates of the form 



Clearly, the class of symbols verifying (6) is strictly wider then the class of symbols 
satisfying (3). These new m's behave as if they were products of two homogeneous 
symbols of type (3), one of variables (£1,771) and the other of variables (£2,7/2). 

The main task of the present paper is to prove L p estimates for such operators in this 
more delicate product setting. Our main theorem is the following. 

Theorem 1.1. Ifm is a symbol in R 4 satisfying (6), then the bilinear operator T m defined 
by (4) maps L p x L q — > U as long as 1 < p, q < 00, 1/r = 1/p + 1/q and < r < 00. 

Particular cases of this theorem have been considered by Journe (see [8] and also [3]) 
who proved that in the situation of tensor products of two generic paraproducts, one has 
L 2 x L°° — > L 2 estimates. Our approach is different from his and is based on arguments 
with a strong geometric structure. The reader will notice that part of the difficulties of 
the general case comes from the fact that there is no analogue of the classical Calderon- 
Zygmund decomposition in this bi-parameter framework and so the standard argument 
[4], [11], [7] used to prove such estimates, has to be changed. 

The paper is organized as follows. In the next section, we discretize our operator and 
reduce it to a biparameter general paraproduct. In the third section we present a new 
proof of the classical one parameter case. This technique will be very helpful to handle an 
error term later on in section six. Sections four, five and six are devoted to the proof of our 
main theorem (1.1). Section seven contains a counterexample to the boundedness of the 
double bilinear Hilbert transform and then, the paper ends with some further comments 
and open questions. In the Appendix we explain how theorem 1.1 implies inequality (5). 

Acknowledgements: We would like to express our thanks to Carlos Kenig for valuable 
conversations. 
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2. Reduction to bi-parameter paraproducts 

In order to understand the operator T m , the plan is to carve it into smaller pieces 
well adapted to its biparameter structure. First, by writing the characteristic functions 
of the planes (£1,771) and (£2,772) as finite sums of smooth cones centered at the origin, 
we decompose our operator into a finite sum of several parts. Since the new resulted 
operators can be treated in the same way, we will discuss in detail only one of them, 
which will be carefully defined below (in fact, as the reader will notice, the only difference 
between any arbitrary case and the one we will explain here, is that the functions MM, 
SS, MS, SM defined later on at page 6, have to be moved around). 

Let 0, ip be two Schwartz bumps on [0, 1], symmetric with respect to the origin and 
such that supp(0) C [—1/4,1/4] and supp(^) C [3/4,5/4]. Recall the translation and 
dilation operators r h , D\ given by 

r h (x) = (x - h) 
D\f{x) = X-^JXX^x) 

and then define 



C"(£i,77i)=/ D^^i)D^( Vl )dk' 
</R 

and 

</R 

Note that C is a cone in the (£1,771) plane, smooth away from the origin, whose spine is 

— # — * 

the Oi]i axis, while C" is a cone in the (£2,772) plane whose spine is the 0£ 2 axis. As we 
said, we will study now the operator whose symbol is m • C ■ C" . It can be written as 

T m . c >.c»(h,f2){x) = 

m(£, 77)^0(^1)^^(771)^^(^2)^^0(772)71(^1, ^2)/ 2 (77i, 77 2 )e 2 ^« + ^ d^drjdk'dk" 
m(£, 77)$^(£i, £2)^^(771, 77 2 )A(£i, £ 2 )/ 2 (t7i, m )e 2mx ^) d^dk'dk" = 



R b 

m(£, 77)/i Z*^,A0f2 ^^»(r/)e 2 ™^ d^drjdk'dk" 



R 6 



where $i )fc / >fc » := D\_ k ,(\) <g> D\_ k „i\) and $ 2 ,k',fc» := D \-k'^ ® D \-k"<t>- 

In particular, the trilinear form A m .c-c"(/i, /b, h) ■= j^2T m . C '.c"{hj2){x)h{x)dx 
associated to it, can be written as 
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/ "i*/,k»(f » V, 7)/i * $i,fc',fc"(0/2 * ®2,k>,k"(v)f3 * *3,fc',fc"(7) d^drid'jdk'dk" 

where $3^'^" := D^_ k ,ip' ® D^_ k „ip' and ■?// is again a Schwartz function such that 
supp(V>) C [-7/4,-1/4] and = 1 on [-3/2,-1/2], while 771^(^,77,7) = rnforj) ■ 
^fc',fc"(£> ^) 7) where \k',k"(£,,Vil) i s a smooth function supported on 

2supp($i ifc / ifc »(0$2,fc',fc"(^) $ 3,fc',fc"(7)) 

which equals 1 on supp(^ ljk/ ^(^ 2 ,k',k"(v)^3,k',k"(^))- 
Then, we write (7) as 



o <)> K, <), K <)) n(^*^.*")((^» dn>dn'>dx'dx"dk>dk" 

3=1 

I 2-^2-^"ml, k „((2- k, n[, 2'^, (2" fc V 2 , 2"*"^), (2" fc 'n 3 , 2" fc "n 3 '))- 
3 

JJ(/j * <b hk ,, k ,,)((2~ k 'x',2- k "x") - (2- k 'n' j ,2- k "n';)) dn' j dn" ] dx'dx"dk'dk" = 
3=1 

I 2- 3k '2- 3k "ml, k „((2- k 'n' 1 , 2' k "n'l), (2~ k 'n' 2 , 2~ k ' '<), (2" fc 'n 3 , 2" fc "n 3 '))- 
j 1R 

where we denoted 

®j,k,x,nj := 2~ k/2 2~ k /2 T {2 -k' x , i 2-k" x// yp-k'n' j ,2-k"n'!)®3,k>,k"- 

Notice that our functions $ . ? - - are now L 2 (R 2 ) normalized. The above expression can 
be further discretized as 

X] A nl,n 2 ,n 3 ,fc,r(/l'/2,/3) (8) 

(nl,n2,n3,fe,i)eZ 10 

where 

^l^^K/i' & /«) := / 2-^') 2 -3r + O m v +<w( . . . } 

J [0,1] 10 

i=i 

Consequently, the operator T m .c"-C"(/i, $2) splits as 
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T m .C'-C"(fl,h) - E ^rii.n-a.riS.fc.K/l'/a) 

(nl,n*2,n"3,fc,Z)GZ 10 

where - - rris the operator whose trilinear form is A - - . rr. Clearly, by Fatou's 

ni,ri2,nz,k,l r 111,122,113, k,l J ' J 

theorem it is enough to prove estimates for the operator 

E T nl,n-2,n 3 ,ifc,K/l' /a) ( 9 ) 

(nl ,rT 2 ,n 3 ) 6 Z 6 ; | fc | , | j|< N 

as long as they are independent of the constant N. Fix now N a big constant and write 
(9) as 



E E T «,*,*&<fi>f*)}- ( 10 ) 

(nl,rt2,n 3 )eZ 6 \|fc|,[zf<jV / 

We also observe that by using (6) and integrating by parts several times, we have 

2- 3fc '2- 3fc "mr, k „((2- k 2- fe "<), (2~ fc 'n' 2 , 2 - fc V 2 '), (2"*^, 2"*"^)) < (11) 



3 1 



M ' 

3\) 



for M arbitrarily large. 

We are going to prove explicitly that the operator 

E %M^i.^ : = E T M</i,/2) (12) 
|fe|,|if<iv |fe|,|il<iv 

satisfies the required estimates. It will be clear from the proof and (11) that the same 
arguments give 

3 1 

II E T ni,n 2 ,n 3 ,k,l\\^xL^Lr < JJ ^ - i^iuoJ E T fc,HU p xL^L- (13) 

|k|,|if<jv i =1 3 \k\,\i\<N 

for any (n[,n2,n 3 ) G Z 6 . From (10) and (13) this would prove our desired estimates. It 
is therefore enough to deal with 

E %</i^)- 

\k\,\T\<N 

Fix now p,q two numbers bigger than 1 and very close to 1. Let also /i,/2 such that 
II fi Hp = Hi^Hg = 1- We will show that 

II E %</l,/ 2 )lkoo<l (14) 

|fe|,Kl<JV 

where 1/r = 1/p + 1/q. 
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Using Lemma 5.4 in [1] and scaling invariance, it is enough to show that for every set 
E3 C R 2 , I £3 1 = 1, one can find a subset E 3 C E 3 with \E 3 \ ~ 1 and such that 

I £ fs)\ < 1 (15) 

|k|,|j|<JV 

where / 3 := Xe' 3 - If this is true, then by using the symmetry of our form, the symmetry 
of our arguments plus multilinear interpolation as in [14], we would complete the proof. 

In order to construct the set E' 3 we need to define the "maximal-square function" and 
the "square-maximal function" as follows. 

For (x',x") G R 2 define 

MS( fl )(x>,x») :=sup-L, sup K/l,$1 ^^ >|2 l V||W (^) > ) ' l h ,Ax'l 

k ' l \k",l" / 



and 



k',k" 

Then, we also define the following "double square function" 

/ Kf, $ - - - )l 2 x 1/2 

SS(f 3 )(x',x"):=[ £ sup ' U3 ' l^C^V^CO 

\k',l',k",l" kXv3 

where in general Ik,i is the dyadic interval 2~ h [l, I + 1]. Finally, we recall the biparameter 
Hardy-Littlewood maximal function 

MM(g)(x',x") :— sup -L [ \g(y>,y")\dy'dy" 

(x',x")eR \ K \ JR 

where R ranges over all rectangles in the plane, whose sides are parallel to the coordinate 
axes. 

The reader should not worry too much about the presence of the supremums over 
k, A, vi, Vii v 3 in the above definitions. They need to be there for some technical reasons, 
but their appearance is completely harmless from the point of view of the boundedness 
of the corresponding operators. 

It is very well known that both the biparameter maximal function MM and the double 
square function SS map L P (R 2 ) into L P (R 2 ) whenever 1< p < 00, see [2]. 

Similarly, it is not difficult to observe, by using Fubini and Fefferman-Stein inequality 
[6], that the operators MS, SM, are also bounded on L P (R 2 ) if 1 < p < 00 (first, one 
treats the SM function iteratively, as we said, and then one simply observes that the MS 
function is pointwise smaller than SM). 

We then set 



n = {xEB 2 : MSif^ix) > C} U {x E R 2 : SM(f 2 )(x) > C} 
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U{x G R 2 : MM(f{){x) > C} U {x G R 2 : MM(f 2 )(x) > C}. 

Also, define 

n = {xeH 2 :MM(l no )(x)>^} 

and finally 

ft = {x G R 2 : MM(l n )(x) > -}. 

2 

Clearly, we have |f2| < 1/2, if C is a big enough constant, which we fix from now on. 
Then, we define E' 3 := E 3 \Cl = E 3 C\ Cl c and observe that \E' 3 \ ~ 1. 

Since the form Yl\k\ ^ <N A^p[fi, f 2 , fs) is an average of some other forms depending on 

parameters (k, A, u[, i7 2 , u 3 ) G [0, l] 10 , it is enough to prove our inequality (15) for each of 
them, uniformly with respect to (k, A, i7i, iT 2 , We will do this in the particular case 
when all these parameters are zero, but the same argument works in general. In this case, 
we prefer to change our notation and write the corresponding form as 

Ap(A, / 2 , f 3 ) = L np(A, h){x)h{x) dx = J2 \rm(fi> $ p 2 > ^, $ p 3 >> 

PeP lpl " (16) 

— * 

where the P's are biparameter tiles corresponding to the indices k', I', k", I". More pre- 
cisely, we have 

P 1 = (P[, ) = (2- fe '[Z', I' + 1] x 2 k '[-l/4, 1/4], 2- k "[l", I" + 1] x 2 fe "[3/4, 5/4]) 



p 2 = (P 2 ',P 2 ") = (2- fe '[/',/ , + l] x 2 fc '[3/4, 5/4], 2~ k " 1] x 2 fc "[-l/4, 1/4]) 

P 3 = (P^Pg") = (2- fe '[/ / ,/'+ 1] x 2 fc '[-7/4, -1/4], 2- fe " [/",/"+ 1] x 2 fc "[-7/4, -1/4]) 

and \Ip\ := \ = \Ip 2 \ = |J p - 3 | = 2~ k '2- k ". 

P will be a finite set of such biparameters tiles. Note that Pi, P 2 , P3 are the biparameter 
Heisenberg boxes of the L 2 normalized wave packets &p 1 , <&p 2 , &p 3 respectively. These 
new functions $p are just the old functions 3^. g ; - previously defined, for j = 1,2,3. We 
therefore need to show the following inequality 

PeP p 

in order to finish the proof. This will be our main goal in the next sections. 

At the end of this section we would like to observe that it is very easy to obtain the 
desired estimates when all the indices are strictly between 1 and 00. To see this, let 
fi G L p , f 2 G L q , / 3 G U where 1 < p, q, r < 00 with l/p+ l/q + 1/r = 1. Then, 
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]7qi^l<^^>ll<^^>IK/s,^>l = 



PeP 



PeP 



|</l,^>||(/2,^>|K/3,^) 



1/2 



I ^P 1 1/2 



1^1 1/2 



-X/-(x) da; 



< 



R 



|r< 



MS{fi){x)SM{f 2 )(x)SS(f*){x)dx < ||M5(/i)|| p ||5M(/ 2 )|| 9 ||55(/ 3 ) 

ll/l||pll/2|| 9 ||/3||r. 

3. Proof of the one-parameter case 

In the particular case when P = P' x P" and all the funtions fj are tensor product 
type functions (i.e. fj = /j <g> f", j = 1, 2, 3), our biparameter paraproduct splits as 

Ap(/i, / 2 , fs) = A P >(f[, fL /DAp-(/i , fl fs )■ 
In this section we describe an argument which proves L p estimates for these one-parameter 
paraproducts Ap/ and Ap». One one hand, this method will be very useful for us in Section 
6 and on the other hand it provides a new proof of the classical Coifman-Meyer theorem. 
A sketch of it in a simplified " Walsh framework " has been presented in the expository 
paper [1]. 

If I is an interval on the real line, we denote by Xi( x ) the function 



Xi(x) = (1 + 



dist(x,J) M 



where M > is a big and fixed constant. For simplicity of notation we will suppress the 
"primes" and write (for instance) A P /(/{, fy, fy) simply as 



A P (/i,/ 2 ,/ 3 ) 



ErrV (/l ' $Pi)(/2 ' $P2>(/3 ' $P3) 

PeP ' p ' 



(18) 



Notice that in this P runs inside the finite set P, the frequency supports supp$p , 

j = 2, 3 lie inside some intervals which are essentially lacunarily disjoint, while the fre- 
quency intervals supp$p 1 are crossing each other. 

In order to deal with this expression (18) we need to introduce some definitions. 

Definition 3.1. Let P be a finite set of tiles as before. For j = 1 we define 

10 



size P (/ j ) := sup , 
PeP \lp\' 



and for j = 2, 3 we set 



size P (/ j ) := sup — !- 
PeP Up 



JpiQlp 



\(f 3 ,$P>)\ 
I/p'I 



1/2 



l,oo 
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Also, for j = 1,2,3, we define 



energy P (/ i ) := sup 
pep 



E 



(\fj 


Ixip) 




Ip 





1,00 



where V ranges over all subsets of P such that the intervals {Ip : P G V} are disjoint. 

The following John-Nirenberg type inequality holds in this context (see [14]). 
Lemma 3.2. Let P be a finite collection of tiles as before and j = 2, 3. Then 

1/2 



size P (/,) ~ sup j-L \{fj,$p;)\ 2 ) 

PeP y p| i pl ci P J 



We will also need the following lemma (see also [14]). 
Lemma 3.3. Let P be a finite collection of tiles and j = 2, 3. Then, we have 



1 

E 

\I P ,CIp 



lif^PjW 
\Ip>\ 



1/2 



< 



Wfx 



ip\\i- 



1,00 



The following proposition will be very helpful. 
Proposition 3.4. Let j = 1,2,3, P' a subset ofP, n G Z and suppose that 

size P '(/j) < 2- n energy P (/ j ). 
Then, we may decompose P' = P" U P'" such that 



sizep»(/j) < 2 n energy P (/ i ) 



(19) 



and that P'" can &e written as a disjoint union of subsets T G T snc/i i/ia£ /or every 
T G T, there exists an interval It (corresponding to a certain tile) having the property 
that every P G T has Ip C J T and a/so snc/i that 



(20) 



Proof The idea is to remove large subsets of P' one by one, placing them into P'" until 
(19) is satisfied. 

Case 1 : j — 1. Pick a tile PeP' such that \Ip\ is as big as possible and such that 



I/pI 1 / 2 



> 2 



-n-1 



energy P (/ i ). 



Then, collect all the tiles P' G P' such that Ipi C Jp into a set called T and place T into 
P w . Define Ip := Ip. Then look at the remaining tiles in P'\T and repeat the procedure. 
Since there are finitely many tiles, the procedure ends after finitely many steps producing 
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the subsets T e T. Clealy, (19) is now satisfied and it remains to show (20). To see this, 
one can write 

^ l-^l = II E lj r Hi = II E ^tIIi.oo 

TeT TeT TeT 

since by construction, our intervals It are disjoint. Then, the right hand side of the above 
equality is smaller than 



2"energy P (/,)- 1 



V- (\fj\,X~i T ) i 

^ \I T \ Ut 
TeT 1 1 1 



< 2 n . 



l,oo 



Case 2 : j = 2, 3. The algorithm is very similar. Pick again a tile P E P' such that | Ip\ 
is as big as possible and such that 



E 

IpiCIp 



I I s 



1/2 



> 2 " cncrgvpi./- ). 



l,oo 



Then, as before, collect all the tiles P' G P' such that 1 P < C J P in a set named Tand place 
this T into P w . Define, as in Case 1, It '■= Ip- Then look at the remaining tiles P' \ T 
and repeat the procedure which of course ends after finitely many steps. Inequality (19) 
is now clear, it remains to understand (20) only. 

Since the intervals It are disjoint by construction, we can write 



TeT 



2 n energy P (/ i ) 1 



£i/t| = ii5>Ji = ii£i 

TeT TeT 

K/^>l 2 



It II l,oo ^ 



TGT 1 1 1 I P ,CI T 1 ^ 1 



< 



l.OO 



2 ra energy P (/,)- 1 



tgt 





lxi T ) 




/t 





< 2 n , 



l,oo 



by using lemma (3.3), and this ends the proof. 

By iterating the above lemma, we immediately obtain the following consequence. 
Corollary 3.5. Let j = 1,2,3. There exists a partition 



p=U p « 



nez 



such that for every n e Z we have 



s ize Pn(/i) <min(2 "energy P ( /_,-), size P (/,■)). 
Also, we may write each P n as a disjoint union of subsets T E T n as before, such that 

TeT n 
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We now prove the following proposition. 
Proposition 3.6. Let P be a set as before. Then, 
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pep ' ip l 3=1 (21) 

for any < 9i, 9 2 , 9 3 < 1 such that 9\ + 9 2 + 9 3 = 1 with the implicit constant depending 
on 9j, j = 1,2,3. 



During this proof, we will write for simplicity Sj := size P (/,) and Ej : = energy P (/,), 
1,2,3. If we apply Corollary 3.5 to the functions -£f, j = 1,2,3 we obtain a de- 

iit.inn 



Proof 

for j = 1, 2, 3. If we a; 
composition 



P = U P n 



such 
that 
(21) as 



n 

that each P J n can be written as a union of subsets in T{ satisfying the property of 
Corollary 3.5. In particular, one can write the left hand side of our wanted inequality 
as 

EJSJS, £ £ Z™l(4«(|WI(4»->ll (22) 

where T™ 1 '™ 2 '™ 3 := D T T 2 t2 n T^. By using Holder inequality on every T G T™ 1 '™ 2 '™ 3 
together with Lemma 3.2, one can estimate the sum in (22) by 

£i£ 2 £ 3 Yl 2- ni 2- n2 2- n * l J rl ( 23 ) 

m,n 2 ,n 3 r g T"i'"2'™3 

where (according to the same Corollary 3.5) the summation goes over those ni, n 2 , n 3 G Z 
satisfying 

2 -n, < |/ (24) 

On the other hand, Corollary 3.5 allows us to estimate the inner sum in (23) in three 
different ways, namely 

\It\ <2 ni ,2" 2 ,2 ra3 

and so, in particular, we can also write 

Y I j t| < 2" iei 2 n2f?2 2 ri393 (25) 

TgT"l'™2'"3 

whenever < 9 1: 9 2: 9 3 < 1 with + 9 2 + 9 3 — 1. Using (25) and (24), one can estimate 
(23) further by 
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EtE 2 E 3 E 2~ ni(1 ~ ei) 2~ n2(1 ~ 02) 2~ n3(1 " e3) < 



122 3=1 3=1 

which ends the proof. 

■ 

Using this Proposition 3.6, one can prove the L p boundedness of one-parameter para- 
products, as follows. We just need to show that they map L 1 x L 1 — > L 1 / 2 ' 00 , because 
then, by interpolation and symmetry one can deduce that they map LP x L q — > U as long 
as 1 < p, q < oo, 0<r<oo and 1/p + 1/q = 1/r. 

Let /i,/2 G be such that ||/i||i = H/2II1 = 1- As before, it is enough to show that 
given E 3 C R \E 3 \ = 1, one can find a subset E' 3 C £ 3 with ji^l ~ 1 and 

E rrV 1 $Pi) 1 1 (/2j $Pa) 1 1 (/3; $Ps) 1 ~ 1 (26) 

PGP ' P ' 

where / 3 := xp^,- For, we define the set U by 

£/ := {1 6 R : M(/i)(a:) > C} U G R : M(f 2 )(x) > C} 

where M(f) is the Hardy-Littlewood maximal operator of /. Clearly, we have \U\ < 1/2 
if C > is big enough. Then we define our set E' 3 := E 3 fl U c and remark that |E 3 | ~ I. 
Then, we write 

p = U p ^ 

where 

r ^ ^ dist( I P ,U C ) rfl 
P, := {P G P : ^ ~ 2 d }. 

After that, by using lemma (3.3), we observe that size Pd (/j) < 2 d for j = 1,2, while 
sizep d (/ 3 ) < 2~ Nd for an arbirarily big number N > 0. We also observe that 

energy Pd (/,)< l|M(/,)lli,oo<||/,||i = l. 
By applying Proposition 3.6 in the particular case 9 1 = 9 2 = 3 = 1/3, we get that the 
left hand side of (26) can be majorized by 



E E rjV l(/l ' $Pi)ll(/2 ' $P2)ll(/3 ' $P3)l <E 22d/32M/32 " 27Vd/3 

d>0 PGP d ' P ' d>0 



< 1 



as wanted and this finishes the proof of the one-parameter case. 

The reader should compare this Proposition 3.6 with the corresponding Proposition 6.5 
in [16]. Our present "lacunary setting" allows for an Z^-type definition of the "energies" 
(instead of L 2 -type as in [16]) and this is why we can obtain the full range of estimates 
this time. 
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4. Proof of Theorem 1.1 

We reduced our proof to showing (17). Clearly, this inequality is the bi-parameter 
analogue of the inequality (26) above. Unfortunately, the technique just described in 
Section 3, so useful when estimating (26), cannot handle our sum in (17) this time. In 
fact, we do not know if there exists a satisfactory bi-parameter analogue of Proposition 
3.6 and this is where some of the main new difficulties are coming from. Hence, we have 
to proceed differently. 

We split the left hand side of that inequality into two parts, as follows 

E = E + E < 27 > 

5. Estimates for term I 
We first estimate term I. The argument goes as follows. 

Since Ip H fi c ^ 0, it follows that ^|^p < ^ or equivalently, |7p Pi Og| > ^|ip|. 
We are now going to describe three decomposition procedures, one for each function 
fii fi-, ,/V Later on, we will combine them, in order to handle our sum. 
First, define 



and set 



then define 



and set 



n 1 = {xeH 2 :MS(f 1 )(x)>^} 



T 1 = {PeP:\i p nn 1 \>±\i P \}, 



n 2 = {xen 2 :MS(f 1 )(x)> < ^} 



T 2 = {PeP\T 1 :\i p nn 2 \>^\ip\}, 

and so on. The constant C > is the one in the definition of the set E' 3 in Section 2. 
Since there are finitely many tiles, this algorithm ends after a while, producing the sets 
{Q n } and {T„} such that P = U n T n . 
Independently, define 



and set 



then define 



n[ = {x e R 2 : SM(f 2 )(x) > 



Ti = {PG^:|/^nni|>^|/p|}, 
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and set 



n' 2 = {xeU 2 :SM(f 2 )(x)>^} 



T> 2 = {PeP\T' 1 :\l p nn' 2 \>-L\l p \}, 



100' 

and so on, producing the sets {Q' n } and {T' n } such that P = U„T^. We would like to 
have such a decomposition available for the function / 3 also. To do this, we first need to 
construct the analogue of the set f2 , for it. Pick N > a big enough integer such that 
for every P G P we have \Ip fl fi_ c jv| > ^l-^pl where we defined 

QfL N = {x e R 2 : SS(f 3 )(x) > C2 N }. 
Then, similarly to the previous algorithms, we define 

C2 N 



and set 



then define 



and set 



n"_ N+1 = {xeH 2 :SSU 2 ){x)>— } 



C2 N 

n>L N+2 = {xeu 2 :SS(mx)>—} 



— {P ^ P \ T_ iv +1 : \Ip ^ ^-N+2\ > ^qq l^pl}> 

and so on, constructing the sets {^"} and {T"} such that P = U n T". 
Then we write the term I as 

E E |7q3^K/i. $ A>IK/=».^>IK/s.^>ll^l. (28) 

ni,n2>0,n3>— N p^T ^ 

where T nijn2in3 := T ni (IT^ nT" 3 . Now, if P belongs to T nbn2i)!3 this means in particular 
that P has not been selected at the previous ri\ — 1, n 2 — 1 and n 3 — 1 steps respectively, 
which means that |/^nfi ni _i| < y^|-fp|, l-^p n ^n 2 -il < TUol-^pl an d l^p n ^n 3 -il < TUol-^pl 
or equivalently, \Ip fl > |/p fl fi^-il > ifl'pl and n fi^.J > ^|/p|. 

But this implies that 

97 

|/ P n n n n^.J > — |/p|. (29) 

In particular, using (29), the term in (28) is smaller than 
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E E r^ l(/l '^>IK^^II^^ = 

ni,n2>0,ri3>— N pV-T 

E / , „ E it^K/i^pJIK^^IK^^Ix^W^ 



E / MSWWSMWWSSiMtodx 
^ n . ,\r«'^ c ,nfi' c ,nf2" c , nn T 

ni,n2>0,n3>— AT "■n 1 -i [ '"712-! "3- 1 1 »i 



< V 2- ni 2-" 2 2- n3 |fi T I, (30) 

/ j I A 77^,772,773 I' V / 

ni,n2>0,n3>— JV 

where 

^T ni ,772,773 — U I P- 

,ri2 > n 3 

On the other hand we can write 

l^^^l < \to* nx \ < \{x e R 2 : MM( XQni )(x) > -L}| 



< \Q ni \ = \{x G R 2 : M5(/x)(x) > ^}| < 2»*. 

Similarly, we have 

\n T 1 < 2 n2<? 

I 71-^,712,71^ \ r^-* 



and also 



\tt T I < 2™ 2Q , 

I J- 771 ,779 ,77-. I 5 



7 X , 772,773 I ~ 

for every a > 1. Here we used the fact that all the operators SM, MS, SS, MM are 
bounded on L s as long as 1 < s < oo and also that \E' 3 \ ~ I. In particular, it follows that 

I Or I < 2 nip9l 2 n2q92 2 n3a(>3 (31) 

for any < 6>i, 6> 2 , 3 < 1, such that 6 1 + 6> 2 + 3 = 1. 
Now we split the sum in (30) into 

E 2 -n 12 -n 22 -n 3 ]Q | + 2 _ni 2 _n2 2~" 3 |fi T I- 

I i-n 1 ,n 2 ,n 3 l 1 / y I J- n x ,77 2 ,773 I 

ni,n2>0,n3>0 7ii,ji2>0,0>Ti3>— JV (32) 

To estimate the first term in (32) we use the inequality (31) in the particular case 61 = 
9 2 = 1/2, #3 = 0, while to estimate the second term we use (31) for 9j, j = 1,2,3 such 
that 1 — p9 1 > 0, 1 — q9 2 > and a9 3 — 1 > 0. With these choices, the sum in (32) is 
0(1). This ends the discussion on /. 
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6. Estimates for term II 

It remains to estimate term 77 in (27). The sum now runs over those tiles having the 
property that Ip C Q. For every such P there exists a maximal dyadic rectangle R such 
that Ip C R C n. We collect all such distinct maximal rectangles into a set called R max . 
For d > 1 an integer, we denote by R^ x the set of all R e -R max such that 2 d R C Q and 
d is maximal with this property. 

By using Journe's Lemma [8] in the form presented in [13], we have that for every e > 

E 1*1 ^"W ( 33 ) 
Our initial sum in // is now smaller than 

E E E ]74i^K/i. $ /l>IK/a.^>IK/3.^>l- (34) 
d>i fle< ax i P cmn 1 p\ 

We claim that for every R G -R^ax we have 

for a big number N > 0. If (35) is true, then by combining it with (33), we can estimate 
(34) by 

E E z- Nd \R\ = J2 2 ~ Nd E \ R \ 

d>i i?e< ax d>i -Re^max 

<T2- W 2 £d < 1, 

d>l 

which would complete the proof. 

It remains to prove (35). Fix R :— I x J in .R^ax- Since 2 d i? := I x J C Q, it follows 
that 2 d i? fl i?3 = and so = X-B^X(/ x J) c - Now we write 

X(ixj) c = Xfc + Xjc — Xfc ' Xjc- 

As a consequence, the left hand side in (35) splits into three sums. Since all are similar, 
we will treat only the first one. 

Recall that every Ip is of the form Ip = I P < x I P n and let us denote by £ the set 

£ := {I P , : Ip C R}. 

Then split 

£ = U c ^ 

where 
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:= {K' e C : -^L „ 2 *} 



and observe that 



E l^'ISI'l- ( 36 ) 
^'e£ dl 

Then, we can majorize the left hand side of (35) by 

EE E |j^K/i.^>IK/ 2 .^>IK/3.^>l = 

di>0E"'e£ dl IpCR;I pl =K' 1 pl 
di>0 K'eC dl IpCR;I pl =K' 1 ^ 1 1 ^ 1 1 ^ 1 1 ^' 

where we redefined /3 := • Xh- 

Let us observe that if P is such that I pi = K' then the one-parameter tiles Pj, j = 1,2,3 
are fixed and we will denote for simplicity $pj := <& 3 K ,. We also denote by 

P K , : = {P" :I p CR, I P , = K'}. 
With these notations, we rewrite our sum as 



E E 1*1 E T^nuttWi- < 37 > 

Next we split P#/ as 



rfi>0E-'G£ dl P"eP K , 1 p "' j=i 



p*' = U p & 

d 2 >0 

where 

P* :={P"eP^ : i^L~2 d2 }. 

I -P" I 

As a consequence, (37) splits into 



E E E E i7^ni<%#.%>i= (38) 
E E m E n^ni<%y.^)i + 

1 ^ fcUd 2 < dl 
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E E 1*1 E n^ni<%AWi- 

di>o K'ac d p„ P | i p d 2 1 ^ 1 i=i 1 1 
To estimate the first term on the right hand side of (38) we observe that 

si 7 e d , (h>®K>) \ < 2 di+d 

si 7P d (ihi^hl) < 2 di+d 

where N is as big as we want. Similarly, we have 

Using these inequalities and applying Proposition 3.6, we can majorize that first term by 

\K'\2 dl+d 2 dl+d 2- Nidl+d) \J\ = (39) 

d!>0K'£C dl 
2 -(JV-2)ci|j| 2 -(Ar-2)d! ^ < 

di>0 K'€C dl 

2 -(Ar-2)d|jj 2 -( JV - 2 ) <il |7| < 2~ {Ar ~ 2)d |/||J| = 2~ (Ar ~ 2)d |i?|, 

di>0 

also by using (36). Then, to handle the second term on the right hand side of (38), we 
decompose 

U P ^ = U P ^3 (40) 

where Pk'4 3 is the collection of all tiles P" E [j d2>dl P% so that 2 d3 (K' x I P „) C Vt and 
o?3 is maximal with this property. 

It is not difficult to observe that in fact we have the constraint d\ + d < d 3 . Then the 
term splits accordingly as 

E E 1*1 E E ^f[K%#.%)i- («) 
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Now we estimate as before the sizes and energies as follows 

S1Ze Pif',d 3 l | K i 1 1/2 J ~ / ' 

sizei3 f i^M) < 2 rf 3 

S1Zep x',d 3 l 1^/11/2 J ~ / ' 



S i 7 p D (if^jA) < 0-^3 

S1ZeP K',d,l I 7^/11/2 J ~ Z 



where, as usual, iV is as big as we want. Similarly, we have 



energy p^^i /2 J ^ 2 
Using all these estimates, the term (41) becomes smaller than 

Yl \ K '\ Yl 2 ds 2 d3 2-^ 3 |J| = (42) 

di>OAT'e£ dl d 1 +d<d 3 

|jj 2 -(JV-2)(d!+d) < 

|/|| J|2 - ( JV-2 ) d = 2 {N ~ 2)d \R\, 
by using (36), and this completes the proof. 

7. Counterexamples 

The next step in understanding this multi-parameter multi-linear framework is to con- 
sider more singular multipliers. The most natural candidate is what we called the double 
bilinear Hilbert transform, defined by 

B d (f,g)(x,y) = I f( x -t 1 ,y-t 2 )g(x + t 1 ,y + t 2 )-^-^ = (43) 
JR h h 

= [ 4 sgn(6 - 6)sgn(77! - rj 2 )f(^ Vl )gfa, m )e 2 ^<^ + ^^ d£d V . 
</R 

It is the biparameter analogue of the bilinear Hilbert transform studied in [12] and given 
by 

B(fuf 2 )(x)= f fi(z-t)f 2 (x + t)^= (44) 
J 1R ^ 

2 sgn(£ - r?)/(0?(r?)e 2 ™^ d^drj. 

R 
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This time, the functions f\, f 2 are defined on the real line. It is known (see [12]) that B 
satisfies many LP estimates. 

However, regarding B& we have the following theorem. 

Theorem 7.1. The double bilinear Hilbert transform Bj defined by (43), does not satisfy 
any LP estimates. 

Proof It is based on the following simple observation. Let f(x,y) = g(x,y) = e lxy . Since 

(x - t!)(y - t 2 ) + (x + h)(y + t 2 ) = 2xy + 2t x t 2 
one can formally write 



B(e ixy ,e ixy )(x,y) = e 2lxy [ e 2mt * — — 

JH 2 h t 2 

r°° r°° sinp 

Jo Jo h 



4e«»/ / S -^M2ld tl dt, 



Jo Jo h h 



2 Jo 

Of course, we would like to quantify it and so we need the following lemma. 
Lemma 7.2. There are two universal constants Ci,C 2 > such that 



N f N 



sin(xy) 



o Jo X V 



dxdy 



>C x \ogN (45) 



as long as N > C 2 . 

Proof Since J °° ^dt = |, there is a constant C > such that 



X Sint , r 7T 37T, 

dt G -, — 46 

„ t L 4' 4 J 



whenever x > C. Then, 



JO 



X U Jo Jo V x Jo Jo t x 

r c ' N ( r Nx smt dt) dx + r N ( r Nx ant & = 

Jo Jo t x Jc/N Jo t x 

c rx smt^dx f N . f Nx sint , .dx 

dt)—+ / ( / ——dt)—. (47) 



Jo t x Jc/N Jo t X 



Since the function x — > ^ J* ^f^dt is continuous on [0, C] it follows that the first term in 
(47) is actually 0(1). To estimate the second term in (47) we observe that since x > C/N 
it follows that Nx > C and so, by using (46) we can write 
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f N , f Nx 8mt lS dx TT f N dx 7T , „ r , 

/ ( / — dt) ^--J -=4(21ogiV-logC), 

JC/Af JO 1 x 4 ^C/AT ^ 4 

and this ends the proof of the lemma, if TV is big enough. 
Now coming back to the proof of the theorem, we define 

fN(x,y) = g N (x,y) = e lxy X[-N,N}(x)X[-N,N}(y) 

and observe that 

^/10 r N/10 sin{zt) 



\B d (f N ,g N )(x,y)\ > C 



o Jo 



zt 



dzdt 



+ 0(1) 



as long as x, y € [— AT/1000, AT/1000]. Now if Bd mapped L p x L q — > L r , for some p, g, r 
with 1/p + 1/g = 1/r, we would have from the above that 



sup 

N 



'o ./o X D 
which would contradict our previous lemma. 



< oo, 



The reader should compare our argument with C. Fefferman's counterexample in [5]. 

At the end of this section, we would like to observe that, in the same manner, one 
can disprove the boundedness of the following operator considered in [15]. Let V be the 
trilinear operator V defined by 

V(f, g, h)(x) = [ /(6)?(6)fe)e 27r ^-^ 3) d£i«3 (48) 

The following theorem holds (see [15]). 
Theorem 7.3. The trilinear operator V constructed above does not map L 2 x L 2 x L 2 — > 

£2/3,oo^ 

Proof First, by a simple change of variables one can reduce the study of V to the study 
of V\ defined by 

Vi(/, g, h)(x) = [ /(6)?(6)^(6)e 2 ^ (6+6+6) dfidfades. (49) 

■/£i<-62<£3 

Also, we observe that the behaviour of V\ is similar to the behaviour of V 2 defined by 



V 2 (f,g,h)(x) = / sgn(6+e 2 )sgn(6 + e 3 )/(6)?(6)^fe)e 2 ™ ( « 1+ « 2+ ^ ) ^i«3, 

Jr 3 (50) 

since the difference between V\ and V 2 is a sum of simpler bounded operators. 
But then, V 2 can be rewritten as 
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V 2 (f, g, h)(x) = [ 2 f(x - tMx -h- t 2 )h(x - t 2 )^^. 

JR h h 

The counterexample is based on the following observation, similar to the one before. 
Consider f(x) = h(x) = e lx , g(x) = e~ tx and since 

(x - h) 2 -(x-h- t 2 ) 2 + (x- t 2 f = x 2 + 2t!t 2 , 
we can again formally write 



V 2 (e ix ,e~ ix ,e ix ){x) = e< 



R 2 h t 2 4 

.2 



dt 
T' 



To quantify this, we define /at(x) = h^{x) = e vx X[-n,n](x) and gN(x) — e %x X[-n,n](x) 
and observe as before that 



\V 2 (f N ,gN, h N )(x)\ > C 



N/10 /-AT/10 



sm(xy) 



xy 



dxdy 



+ 0(1) 



if x G [— A^/1000, A^/1000] and this, as we have seen, contradicts the boundedness of the 
operator. 



8. Further remarks 

First of all, we would like to remark that theorem (1.1) has a straightforward general- 
ization to the case of n-linear operators, for n > 2. 

Let m G L°°(R 2n ) be a symbol satisfying the bi-parameter Marcinkiewicz-Hormander- 
Mihlin condition 



(51) 

for many multiindices a and (3. Then, for / 1; f n Schwartz functions in R 2 , define the 
operator T m by 

T m (/i, ...,/„)(*) := f 2 m(e,r ? )/ 1 (e 1 ,r ? 0.../n(a,^)e 2 ^ (Kl ^ )+ --- +( ^* )) ^. 

(52) 

We record 

Theorem 8.1. The bi-parameter n-linear operator T m maps L P1 x ... x L Pn — > L p as long 
as 1 < pi, ...,p n < oo, l/pi + ... + l/pn = 1/p and < p < oo. 

Here, when such an n + 1-tuple (pi, ...,p n ,p) has the property that < p < 1 and 
Pj = oo for some 1 < j < n then, for some technical reasons (see [14]), by L°° one 
actually means the space of bounded measurable functions with compact support. 

Then, it is natural to ask if the same general theorem remains true if one considers 
/c-parameter operators for k > 3. For instance, suppose m G L°°(R 6 ) is a multiplier 
satisfying 
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I^W^^7)l<|^|^j^, (53) 
for many a, (3 and 5. Then, for /i, f 2 Schwartz functions on R 3 , define T m by 

T m {h,h){x) := / m(e,r ?! 7)/i(6^i,7i)/ 2 (6^2,72)e 2 ™- (( « 1 ''' 1 ^ )+fe ''' 2 ^ )) rfW7. 

J* (54) 

Question 8.2. Does this 3-parameter operator T m satisfy the same estimates as the ones 
in theorem (1.1) ? 

As before, it is easy to see that such a T m satisfies the desired estimates when all the 
indices involved are strictly between 1 and oo. But the general statement seems to be very 
interesting and complex and the authors plan to study this problem separately, sometime 
in the future. For example, as observed in [17], Journe's lemma in the form used in (33), 
simply does not hold in R 3 . 

On the other hand, one can ask what is happening if one is interested in more singular 
multipliers. Suppose Ti and T 2 are subspaces in R n and one considers operators T m 
defined by (52) where m satisfies 

i^ m «..)i< distK ; ri)l „i |diBt( ,; r2)M . (55) 

Our theorem says that if dim^x) = dim(r 2 ) = then we have many L p estimates 
available. On the other hand, the previous counterexamples show that when dim(ri) = 
dim(r 2 ) = 1 then we do not have any LP estimates. But it is of course natural to ask 

Question 8.3. Let dim(rx) = and dim(r 2 ) = 1 with T 2 non- degenerate in the sense 
of [14]. Lf m is a multiplier satisfying (55) does the corresponding T m satisfy any LP 
estimates ? 

9. Appendix: differentiating paraproducts 

In this section we describe how the Kato-Ponce inequality (2) can be reduced to 
Coifman-Meyer theorem and also how the more general inequality (5) can be reduced 
to our theorem 1.1. 

The argument is standard and is based on some "calculus with paraproducts". We 
include it here for the reader's convenience. 

In what follows, we will define generic classes of paraproducts. First we consider the 
sets $ and \1/ given by 

$ : = {(f) e «S(R) : supp0 C [-1, 1]}, 

^ :={iPE S(R) : supp0 C [1,2]}. 

The intervals [—1, 1] and [1,2] are not important. What is important, is the fact that $ 
consists of Schwartz functions whose Fourier support is compact and contains the origin 
and ^ consists of Schwartz functions whose Fourier support is compact and does not 
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contain the origin. Then, for various G $ and G we define the paraproducts 

Uj j = 0, 1, 2, 3 as follows 

U (f,g)(x):= j ((f*D 1 2k i;)(g*D 1 2k ^))*D 1 2k r(x)dk, (56) 
J R 

ni(/,^)(x):= /" ({f*D\ k (f>){g*D\^))*D\^\x)dk, (57) 
R 

Mf,g)(x):= j ((f*D 1 2k i;)(g*D 1 2k( f ) ))*D 1 2k i;'(x)dk, (58) 
J R 

n 3 (/,ff)(x):= / (U*D\ k ^){g*D\ k ^))*D^<l>{x)dk. (59) 
</ 1R 

All these paraproducts are bilinear operators for which the Coifman-Meyer theorem ap- 
plies. For instance, one can rewrite U (f,g) as 



n (/, <?)(*) = / 2 m(ei,6)/(6)?(6)e 27r ^ 1+6) ^i^2, 

J R 

where the symbol m(£i,£ 2 ) is given by 



= / D (^-^)(6)W-^ / )(6)P 2 oo -^ / 0(-ei -6)^, 

</R 

and satisfies the Marcinkiewicz-Hormander-Mihlin condition. 
The reduction relies on the follwing simple observation 

Proposition 9.1. Let a > 0. T/ien, /or every paraproduct ITi t/iere ezzste a paraproduct 
11^ so i/iai 

V a U 1 (f,g) = U[(f,V a g), (60) 
/or every /, g Schwartz functions on R. 
Proof It is based on the following equalities 

V a U 1 (f,g) = 

! ((/ * Dl k (t>){g * D 1 ^)) * V a {D\ h i)') dk 
J R 

((/ * D\ k <p)(g * D\ k ^)) * T ka D\ k {V a i,') dk = 

R 

((/ * D\ k <j>)(g * 2- ka Dl k ^)) * D\ k {V a i)') dk = 



R 



R 

((/ * D\ k 4>){g * V a {D\ k {V- a ^)))) * D\ k {V a i>') dk 
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((/ * D\ k <f>){V a g * D l 2k {V' a ^))) * D\ k {V a ^') dk := 

R 

n'i(f,v a g), 

where T>~ a %p is the Schwartz function whose Fourier transform is given by V~ a ip(l;) = 
|£| -a, 0(O) which is well defined since f 6$. ■ 

Clearly, one has similar identities for all the other types of paraproducts IT,- j ^ 1. 
To prove the Kato-Ponce inequality, one just has to realize that every product of two 
functions / and g on R, can be written as a sum of such paraproducts 

3 

j=0 

and then, after using the above proposition 9.1, to apply the Coifman- Meyer theorem. 

A similar treatment is available in the bi-parameter case too. Here, one has to handle 
bi-parameter paraproducts for i, j = 0, 1, 2, 3 formally defined by Uij := IT, ® Uj. 

One first observes the following extension of proposition 9.1 

Proposition 9.2. Let a, f3 > 0. Then, for every paraproduct Ili i2 there exists a para- 
product W 12 so that 

V?D$ n li2 (/, g) = n' li2 (Pf /, Vfg), (61) 

for every f, g Schwartz functions on R 2 . 

As before, there are similar equalities for the remaining paraproducts H^- when ^ 
(1, 2). Since every product of two functions / and g on R 2 can be written as 

3 

fg=J2 U M9), 

i,j=0 

everything follows from theorem 1.1. In fact, the above argument proves that an even 
more general inequality holds, namely 

\\^(fg)\\r < ll^/IUMU + + IIWIUI^IU + \\v?g\Uvlf\\ q4 

(62) 

whenever 1 < pj, qj < oo, 1/pj + 1/qj = 1/r for j = 1, 2, 3, 4 and < r < oo. 
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